1 Introduction 



In a series of papers, Mweene has developed a generalized description of 
angular momentum which contains the Standard results in a certain limit. 
He has thereby obtained new generalized expressions for the operators and 
i/-) ■ eigenvectors for spin 1/2 [1-4], spin 1[5], spin 3/2 [6], spin 2 [7] and spin 5/2 [8]. 

Applying this approach to angular momentum addition, he has shown how 
çvq , the Standard results for various states that arise from combining two vàlues 

5_j \ of angular momentum come about from a consideration of probability ampli- 

tudes for measurements on these systems. This had led to generalized results 
for angular momentum addition which also reduce to the Standard results in 
■ an appropriate limit [9-10]. 

In a further development of the approach, Mweene has shown that the 
usual spherical harmonies are just special forms of more generalized quan- 
tities and he has obtained the generalized spherical harmonies for the case 
Z = 1 [1 1] . In this paper, we give the generalized spherical harmonies for 

co ! 1 = 2 

o ■ 

i/-) . This paper is organized as follows. This Introduction is followed in Section 

2 by a brief review of the theory underlying the work. Section 3 contains 
^ the derivation of the generalized spherical harmonies and their probability 

amplitudes. Section 4 is a discussion of some of the properties of these 
quantities. The Discussion and Conclusion in Section 5 closes the paper. 
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2 Theoretical Background 



This work is inspired by the interpretation of quantum mechanics due to 
c3 ' Landé[12-15]. According to Landé, if a quantum system possesses three sets 

of observables A, B and C with respective eigenvalue spectra Al, A 2 ,...,An, 
Bi, B 2 , ...,Bn and Ci, C 2 , ....,Cn - where N is the multiplicity of each spec- 
trum, which is necessarily the same for each observable [13] - then three sets 
of probability amplitudes can be defined for the system. One set, which 
is denoted by ip(Ai,Cj), relates to measurement of the observable C if the 
system is in a state corresponding to eigenvalues of the observable A: thus 
\ip(Ai; Cj)\ 2 gives the probability for obtaining the value Cj if the initial 
state corresponds to the eigenvalue A of the observable A. The second set 
x(A; Bj) relates to measurement of B when the system is in a state corre- 
sponding to the eigenvalue A. Finally, the set 0(-Bj-; Cj) describes measure- 
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ments of C when the initial state belongs to the observable B. Since the three 
sets of probability amplitudes belong to one system, they are interdependent, 
and the law of interdependence is[12,13] 

V>(A;Q) =Ex(^;Wj;C í ») (i) 
j 

Another aspect of Landé's interpretation of quantum mechanics is that ev- 
ery eigenfunction or wave function of a quantum system is flrst and foremost 
a probability amplitude and that every such probability amplitude connects 
two well-defined states - one corresponding to the state in which the system 
is before a measurement, and the other to the state that comes about as a 
result of the measurement[12,13]. It is therefore always possible to identify 
an initial and a final state for any wave function or eigenfunction. 

Mweene has argued that for an eigenfunction resulting from solution of a 
differential eigenvalue equation, the initial state corresponds to the eigenvalue 
while the final state corresponds to the eigenvalue defined by the continuous 
variable in terms of which the differential operator is defined[16]. For the 
Schròdinger equation, the eigenfunctions i{>e ( x ) should really be written as 
ip(Ei] x) to emphasize that the initial state in the probability amplitude cor- 
responds to the eigenvalue Ei while the final state corresponds to the eigen- 
value x. Another example comes from the solution of Legendre's equation. 
The spherical harmonies Yi m (9,(p) should really be written as Y(l,m;9,(p) 
to emphasize that in this case the initial state is defined by the eigenvalues 
mh and /(/ + l)h while the final state corresponds to the angular position 
(9, ip). Since mh is an angular momentum projection, it must be defined with 
respect to some axis. Owing to the absence of another set of angles in the 
expressions of the spherical harmonies which could define this direction, it 
must be the z axis[ll]. But since an axis of quantization can be chosen arbi- 
trarily, it is possible to define spherical harmonies with respect to any other 
direction as the axis of initial quantization. The functions resulting from this 
are the generalized spherical harmonies and have already been worked out 
for the case 1 = 1. In this work, we obtain them for l — 2. 
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3 Generalized Spherical Harmonies 



3.1 Probability Amplitudes 

The generalized spherical harmonies connect states of angular momentum 
projection in the arbitrary direction a defined by the polar angles (9', <p') to 
states of the angular position (9, ep). We denote them by Y(l, mfà; 9, ep) . To 
derive them, we use the probability addition law Eq. (JTJ). We start off by 
writing 

Y(l, ; e,ip)=Y, X{h m^-B^Bf, 9, ip) (2) 
j 

If we choose the observable B carefully, we should find that both the proba- 
bility amplitudes x(Z,m®; Bj) and <j>(Bj',9,(p) are known. If B is chosen to 
be the spin projection with respect to the z direction, it is found that 

<f>(B j ;9, ¥ >)=Y(l,m^;9,i P ) (3) 

are the Standard spherical harmonies, while m®; l, m^) are just spin 
probability amplitudes connecting states such that the initial one corresponds 
to the spin projection being rrtih in the direction a while the final state corre- 
sponds to the spin projection being rrifh along the z axis. These have already 
been worked out[7] and are as given below. If the initial spin projection in 
the direction a is 2H, these probability amplitudes are 

x(2)2 (S) ;2)2 (k) )=cos 4| e -2V (4) 

X (2,2^;2,l( £ )) = 2sin|cos 3 | e -^' (5) 

X (2,2^;2,0«) = v / 6sin 2 |cos 2 ^ (6) 

X (2, 2^; 2, (-1)«) = 2 sin 3 t cos t e V ( 7 ) 

and 

X (2,2^;2,(-2)( í )) = sin 4 |e^' (8) 

If the initial spin projection in the direction a is h, the probability am- 
plitudes are 

x(2) l(S) ;2)2 M) = 2sin|cos 3 | e -^' (9) 
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X (2, 1®; 2, 1«) = -(3 sin 2 & - - cos 2 °-) cos 2 |e^' (10) 

~ 9' 9' 

x(2,l®;2,0 (k) ) = -v^ cos -sin- cos (11) 

X (2, 1® ; 2, (-1)( C )) = (3 cos 2 | - sin 2 |) sin 2 9 -é*' (12) 

and 

X (2,l^;2,(-2)( £ )) = -2sin 3 |cos| e 2 ^' (13) 

If the initial spin projection in the direction a is 0,the probability ampli- 
tudes are 

X (2, 0® ; 2, 2®) = v^sin 2 ^ cos 2 ^e" 2 ^' (14) 

X(2,0 (a) ;2,l( k )) = -v^ sin -cos- cos AV^' (15) 

X(2,0 (a) ;2,0 (í) ) = Í(2cosV-sin 2 #') (16) 

~ 9' 9' 

X(2,0^;2,(-I)( k )) = v^sin-cos-cosfl'e^ (17) 

2 2 

X (2, 0®; 2, (-2)®) = v/6 sin 2 ^ cos 2 ^e 2 ^' (18) 

If the initial spin projection in the direction a is —h, the probability 
amplitudes are 

X (2, (-1)® ; 2, 2«) = 2 cos °- sin 3 | e - 2 ^' (19) 

X (2, (-1)®; 2, 1«) = -(3 cos 2 °- - sin 2 |) sin 2 9 -e^' (20) 

X (2,(-l)®;2,0( k )) = v/6 sin — cos — cos 0' (21) 

2 2 

X (2, (-1)®; 2, (-1)«) = (3 sin 2 | - cos 2 |) cos 2 |e^' (22) 



and 



and 



X (2,(-l)®;2,(-2)«) = -2sin|cos 3 |e 2 ^' (23) 



Finally, if the initial spin projection in the direction a is — 2h, the prob- 
ability amplitudes are 



and 



X (2,(-2)®;2,2( í )) 



9' 



sm — e 
2 



_ ni ni 

X(2, (-2)w ; 2, lW) = -2 cos - sin 3 -e"^' 
X (2,(-2)^;2 ) 0( C )) = v / 6sin 2 |cos 2 | 
X (2, (-2)®; 2, (-l)fò) = -2 sin °- cos 3 |e^' 



X (2,(-2)^;2,(-2)( k )) = cos 4 ^' 



0' 



(24) 
(25) 
(26) 
(27) 

(28) 



The ordinary spherical harmonies Y2 m (9,(p) = Y(2,m^;9,ip) for l = 2 



arc 
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y(2,2< k >;^) = W-f- sin 



2 fl„2i¥3 



32tt 



y(2, l (k) ;#,^) = -\l^sm9cos9e llf 




y(2, (k) ; 9, <p) = W — (3 cos 2 9 - 1 



167T 
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y(2, (-l) (k) ;0,(^) = W — sinfleosfle - ^ 

87T 



y(2,(-2)«;^) 



32tt 



sm 



2 fío- 2il P 



(29) 
(30) 
(31) 
(32) 
(33) 



Using Eq. (J2J), the generalized spherical harmonies for / = 2 are found to 



be 
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Y(2, 2< a ); 6, <p) = \^{sin 2 0(cos 4 ^e 2i ^ + sin 4 L-*^)) 
V 32n 2 2 

+ sin 26 sin 0'(- cos 2 ^-e^"^ + sin 2 e "* W)) 

Z Z 

+ isin 2 0'(3cos 2 0- 1)} (34) 

Z 



Y(2,1^;9, V ) = W^{sin^sin 2 0(cos 2 ^e 2l ^-sin 2 ^ 2 ^-^) 
V 32n 2 2 

- sin 261(3 sin 2 - - cos 2 -) cos 2 -e l ^~^ 
iy 2 2 J 2 

+(3cos 2 --sin 2 -)sin 2 -e-^] 

-- sin 20'(3 cos 2 9 - 1)} (35) 

Z 



Y(2,0^;6, V ) = WJ^{sin 2 ^sin 2 0(e 2 ^-^+e" 2 ^')) 
V 2567T 

+ sin 26 sin 20'(e i(¥ " V) + e"*^-^)) 

+ -(3cos 2 0- l)(2cos 2 0'-sin 2 0')} (36) 
3 



F(2,(-l)( à );^v9) = Wi^{sin^sin 2 0(sin 2 -e 2 ^') -cos 2 - e - 2 ^')) 

V 327r 2 2 

+ sin 20[(3 cos 2 ^ - sin 2 í ) sin 2 í e^-*') 
_ z z 

+ ( 3sin 2^_ cos 2^ )cos 2^ e - í W)] 

_ z z 

+ ^sin20'(3cos 2 0- 1)} (37) 
z 



Y(2,(-2)^;6, V ) = WÍÍ{sin 2 0(sin 4 -e 2 ^-^ + cos 4 -e- 2 ^-^) 

V 32-7T 2 2 
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2 



cos 




■i{fp-ip') 




(38) 



3.2 Probability Amplitudes for the x' Direction 

The results we have presented refer to the direction a as the direction of 
initial quantization. We may think of the vector a as defining a new z 
axis, which we denote by z', since in the limit 0' — tp' — 0, the results 
corresponding to it reduce to those for the z axis. This z' axis corresponds 
to a new coordinate system in which the unit vector in the x' direction is ü 
and that in the y' direction is v[ll]. From the results for the a or z' axis, 
we can obtain the probability amplitudes and probabilities densities for the 
x' direction by applying the transformation 9' — > 0' — n/2 to them[3,5]. We 
are justified in associating the results so obtained with the x' axis since in 
the limit 9' = ip' = 0, they reduce to those for the x direction. When we 
make these argument changes, a becomes ü. Applying this prescription to 
the generalized spherical harmonies, we obtain the results 



^ { Isin^[(l + sin^) 2 e 2 ^ 



+(l-sm9') 2 e- 2i ^-^\ 
+ sin 29 cos 9'[{l + sin 0')e^-^ 
-(1 - sin ^e-^-^} + cos 2 9' (3 cos 2 9-1)} (39) 



Y(2,l^;9,p) 



V 128tt 




-(l-sin^)e- 2 ^-^] 

- sin 29[(l-2 sin 9') (1 + sin 0')e^-<^ 
+(1 + 2 sin 6')(1 - sin ^e'^-^} 

+ sin 2^(3 cos 2 ^- 1)} 



(40) 



Y(2,O®;0,<p) 



V 128tt 




7 



- sin 26 sin 26'[é^~^ + e'^'^} 
+ - (2 sin 2 6' - cos 2 6') (3 cos 2 6-1)} 

ó 



(41) 



Y(2,{-l)®;e,<p) 



15 



{-sin 2 0cos0'[(l -sm6')e 



2i(<p-<p') 



V 1287T 

-(l + sin#V 2ïW) ] 
+ sin2#[(l + 2sin0')(l - sin fl')^"^ 

+ (1 - 2sin0')(l + sin^e"*^"^] 
-sin2fl'(3cos 2 #- 1)} 



(42) 



y(2,(-2)(");^) = \^{^in 2 0[(l-sin^) 2 e 2 ^ 

+ (l + sin^) 2 e" 2íW) 
- sin 26 cos 0'[(1 - sin 6')é^-^ 
-(1 +sin^)e" íW) ] + cos 2 #'(3cos 2 #- 1)}(43) 

3.3 Probability Amplitudes for the y' Direction 

The prescription for obtaining the probability amplitudes and probability 
densities corresponding to y' is to set 6' = n/2, <p' — > ip' — n/2 in the ex- 
pressions corresponding to the z' direction. As well as transforming the unit 
vector à to the unit vector v, this yields the probability amplitudes: 

Y(2,2®;0,<p) = -^^{isin 2 0(e 2 ^') + e- 2 ^')) 

+i sin 26[é^~^ + e-^-v'ï] - (3 cos 2 6-1)} (44) 



' 15 

1287T 



{sm 2 6{-e 2 ^'^ + e- 2 ^-^) 



+i sin 26 [e 



i(<p-<p') _ -i(<p-<p') 



]} 



(45) 
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45 



{sin^e^-^ + e- 2 ^-^) 



V 256tt 
+^(3cos 2 #- 1)} 



(46) 



Y(2,(-l)^;9,y>) 



15 



{sin 2 0(- e 2i &-^ + e~ 2i ^-^) 

r iW)]} (47) 



' 1287T 

-N sin 20 [e*^) 



Y(2,(-2)®;e,<p) = ^ ^{~sm 2 9(e 2i ^ + e~ 2i ^) 

+ism29{e l( ^-^ + e- 1 ^-^] + 3cos 2 9 - 1} 

(48) 

We emphasize that the unit vectors ü, v and a define a system of mutually 
orthogonal coordinate axes. 



4 General Properties of the Generalized Spher- 
ical harmonies 

The generalized quantities presented here reduce to the Standard quantities 
in the limit 9' = ip' = 0, which corresponds to the arbitrary vector à pointing 
in the direction of the z axis. Thus, in this limit, we get 

Y(2,m^;9, V )^Y 2m (0^) (49) 

A property of special interest with regard to the ordinary spherical harmon- 
ies is their behaviour under the parity operation r — > — r, a reflection in the 
origin. Under this operation, the spherical polar coordinates (r, 9, <p) trans- 
form thus: r — > r, 9 — > n — 9, , ^ + 7r . Thus if p is the parity operator 
defined by 

p*(r)=*(-r). (50) 
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then 

pY(l, m (C) ; 9, <p) = Y(l, m (£) ; tt - 9, ep + vr) (51) 
As is well-known however, 

F(/,m (í) ;7r-^v? + 7r) = (-l) l Y (l, m&;9, ip) (52) 

so that F(Z, m( k ); 9, ip) has even parity if / is even and odd parity if / is odd. 
The generalized spherical harmonies have the form 

Y(l, m®; #,y?)=£ Cj Y(l, mf- 9, <p) (53) 

j 

where Cj = m®; Z, m^) is a constant with respect to the angles (9,ip). 
Hence, 

pY(l,m®;9, V ) =J2c jP Y(l,mf ) ;9, V ) = (-l) l Y(l, m®; 9, <p) (54) 

3 

Thus, the generalized spherical harmonies have the same parity as the cor- 
responding Standard spherical harmonies. 

The generalized spherical harmonies for value of 1 can be shown to be 
orthonormal: 

JJ Y*(l,m'®;9,tp)Y(l,m®;9,tp)dn = 5 rn , m (55) 

Thus, since 

Y(l, m®; 9, V ) = J2 x(h ™; l, )y(rof>; 9, <p) (56) 
j 

and 

Y*(l, m'®- 9,tp)=Yl X*(l, m'®; l, mf)Y*{mf- 9, v ) (57) 
ï 

the overlap integral is 

j' 

x x(l, rn®; l, mf } )Y{1, mf ] ; 9, V )dü (58) 

j 
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= E E X*(l, m'®- Z, m(. k) ) X (/, m®; Z, mf) 
i' i 

x Jj Y*(l, m^; 9, (p)Y(l, mf } ; 9, V )dü (59) 

= E E *•(*, rn'^- Z, mf>) X (l, m®; Z, rof)í mjmj , 
i' i 

= £x·(i,m / ®;Z,mf)x(Z,m;Z,mf) 

= <Wm (60) 

In the proof, we have used the result 

Ex^^m'^jZ^fM^m^^f) =5 m , m (61) 

i 

which is just the orthonormality relation for the spin probability amplitudes. 

5 Discussion and Conclusion 

This work has extended the derivation of the new generalized spherical har- 
monies to the case Z = 2. The expressions for the functions have been de- 
rived, as well as the corresponding probability densities for the z' direction. 
By means of simple transformations the corresponding expressions for the x' 
and y' directions have been obtained. 

Now, for the case Z = 1, it has been shown that the generalized spherical 
harmonies satisfy the eigenvalue equation[ll] 

L^y^m®;^) = mhY(l,m®;9,<p) (62) 

where 



d d 
-^(a) — ïZi{sin 9' sin((/9 — V 9 ')^ + [sin cot # cos(y? — tp') — cos#'] — } (63) 

We note that can also be written as L z < since as argued in the section 
on probability amplitudes and probability densities, it is convenient to think 
of the vector a as defining a new z direction, denoted by z' . 
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It is expected that all generalized spherical harmonies satisfy the eigen- 
value equation, Eq. (|55)l. This is tedious to prové in practice, and has not 
been done for the present case l = 2. This will be tackled in the near future, 
since it is an important part of the proof of the correetness of the philosophy 
underlying this work. 
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